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On the Models of Graph Theory Based
on Minimum Spanning Tree with Applications in Medicine
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Abstract:Sample data classification is a commonly used tool in medical research.A new
thought and methodology for classification is proposed in the paper.The concept of maximal A-cut
subgraph is introduced based on the insight into classification process and its major contradictions.
As an illustration,three models based on minimum spanning tree are given as a paradigm of new
classifiers upon the platform of graph theory.Then its application in research of the relationship be-
tween nutrition and disease, and gene classification is analyzed. Finally the application prospect of
graph theory in medical is discussed.
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1 Introduction

Graph theory is a branch of mathematics that in-
vestigates the properties of graphs. A graph G= V.E is
an abstract structure consisting of points (or vertices)
V and connections (or edges) E. It implies an ab-
straction of the reality so it can be simplified as a
set of linked nodes.Such a structure is found in
many industrial applications, such as networks, pro-
duction schedules and diagrams.

The most common network topology design

problem is the minimum spanning tree (MST) prob-
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lem in graph theory.Graham and Hell provided a
comprehensive survey of various aspects of MST .
Efficient polynomial algorithm to the MST problem
are Prim’s Algorithm™ with time complexity O(n?) for
dense graphs and Kruskal' s algorithm ¥ with time
complexity O(e loge) for sparse graphs, where n and
e are the number of vertices and edges of the
Traditionally the basic MST
problem and its variations, such as capacitated MST¥,
probabilistic MST P, and degree constrained MST

problem®are applied to the design of telecommunica-

graph,  respectively.

tions network infrastructure.
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This papers attempts to apply MST to classifi-
cation of sample data in medicine. Sample data
classification is usually a significant initialization
step after which further medical research method-
ology may be applied. The rationality and feasibili-
ty of classification has a close relationship with the
result of research.

The remainder of the paper is organized as
follows. In Section 2, we present the definition of
MST, the MST property and the fundamental algo-
rithm on which the models discussed next are
based. Section 3 gives three graph theory models.
Section 4 discusses their applications in nutrition
and the human genome, and Section 5 states some

conclusions.

2 The basic MST problem

Definition. ILet G = V,E be an undirected
connected graph in which each edge (u,v) € E has
an associated cost C (w,v). A connected subgraph
G =(V,E)
subgraph.

satisfying V =V~ is called a spanning
If a spanning subgraph is a tree,it is
called a spanning tree. The cost of a spanning tree
is the sum of costs on its edges. An MST of G is
a spanning tree of G with a minimum cost.

The MST Property. Suppose G= V,E is an
undirected connected graph with costs defined on
all edges. Let U be some nonempty subset of V. If
(wv) is an edge of lowest cost such that ue U and
v € V=U,then there exists an MST that includes (u,v)
as an edge.

The MST property only holds for undirected
graphs and it is the basis for MST algorithms. As
to directed graphs, an algorithm for solving this
problem has been provided independently by Chu
and Liu™ and Edmonds®.

Definition. A set of edges T is promising if it
can be extended to produce an MST.

By definition, T=¢ is always promising. Also,
if a promising set of edges T is a spanning tree,
then T must be an MST.

Definition. An edge is said to leave a given
set of vertices if exactly one end of this edge is
in the set.

The- MSTC Lemmai dcSuppose 1G="1GET0N1s Pa

weighted undirected connected graph, U is some

nonempty subset of V, T is a promising set of
edges with no edge leaves U, e is an edge with
least cost that leaves U. Then the set of edges T~
=T Uf{e} is still promising.

Because the models in this paper all deals
with complete graphs, only Prim’s Algorithm is pre-
sented. It is directly based on the MST lemma. The
input is a weighted undirected connected graph G=
(V,E). Assume that V={1,2...,n}.

Prim’ s Algorithm

1. T<—¢ U1}

2. While U#V:

2.1 Let (ww) be the lowest cost edge such
that ue U and v € V-U.

2.2 T<TU{(u, v)}.

23 U—UU{}.

The proof of correctness of the MST property,
the MST lemma and Prim’s Algorithm can be found

in literature %L

3 Graph theory models

General abstraction and definition. Suppose
the sample data has m items of attributes.Then
each sample individual may be regarded as an m-
dimensional vector. The vertices of the graph are
defined as all the vectors S,,S,....S, in which n is
the sample size.The weight value of an edge is the
difference between two individuals. There are a va-
riety of ways to compute the difference. The fol-

lowing are a few examples:

(DThe Euclidean distance formula:

dy= \l Z ‘Ai_Bi ’
i=1

@The Minkowski distance formula:

i ‘Ai_Bi ‘P

i=1

It is the generalized form of @.

1/P

dAB:

3)The exponential formula:

dABzeXp z ‘A i _Bi,

i =1

P

Thus,a weighted undirected complete graph
G=(V,E) is derived. It is the input of our models.

Therer |are h two scunderlying, - /requiremeérits ot of
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classification: (D The individuals within the same
class should be as similar as possible. QThe class
should include as many individuals as possible in
order to leave following research with a larger
sample size. @D and @ contradict with each other.
To some extend the process of classification is to
strike a balance.

To precisely delineate this for our models,
some definitions are given. As to (DThe difference
of a subgraph is the cost of an MST of the sub-
graph. AN—cut subgraph is a subgraph with differ-
ence less than a given constant N.As to @A \—cut
subgraph is maximal if any subgraph containing it
is not a A—cut subgraph. Thus, every maximal -
cut subgraph is a class consisting of similar indi-
viduals with the consideration of () and ). We
can adjust Ato control the fineness of classification.

But the above philosophy and principle may
lead to excessive overlapping among classes. An-
other approach to classification is partition that is
to divide the overall without any overlapping and
missing.

The next are three different models all to find
maximal N —cut subgraphs or partitions based on
which further medical research methodology may be
applied.

Model A. The idea of this model is using brute—
force search to find all maximal N—cut subgraphs.lts
algorithm is based on the MST property. An FIFO
(First=In First—Out) structure
as the frame of this model.Each node X=(Diff,U/) in
the queue (denoted as ()) represents a subgraph.
Diff is the difference of the subgraph and U is a

queue? is adopted

set recording the vertices belong to it. In order to
prevent duplication of computation efficiently during
implementation, hash table®” is applied to record the
position whenever a new node is reproduced and
put into the queue. Usually a hash table based on
a modular arithmetic function and link lists would

achieve an ideal effect.
Algorithm of Model A
LO—{O.{1}), (0.{2}), .... (0.{n})}.
2.While Q#¢ :
2.1 Get a node X=(Diff,U/) out of .
2.2 For every vertex v € V-U, let (wv) be

the lowesD ©ost(edger suchidhst ivel.

23 If Diff+C(u,v)<N  put a new node X’'=
(Diff +C (u,v), U U {v}) into Q. Otherwise, X is a
maximal A—cut subgraphs and is to be output.
Model B. This model is to find a partition of the
graph. It is directly based on Prim’s Algorithm.
Algorithm of Model B

1. T<—an MST of G U<{1,2....,n}.

2. While U# ¢

2.1 Let ue U Diff<=0 X<—{u}.

2.2 Let (xp) €T be the lowest—cost edge such
that x€ X and v e U-X.

2.3 If Diff+C(x,v)<\ Diff<=Diff+C(x,v),
X=XU{v}, return to step 2.2.

2.4 U=U-X.

2.5 X is a class to be output.

Model C. The mechanism of this model is to re-
peat for times each time finding a maximal \-cut
subgraph with the most vertices and then adjust
the weight value of G in a certain way. A heuris-
tic randomized approximate algorithm is applied as
the kernel of the model. In detail, a heuristic
function is computed according to the value of a
monotonous transformation function taking the cost
at the current step as input. Many classical func-
tions can be our choices such as sigmoid func-
tions, exponential functions and trigonometric func-
tions within a given interval.

The means to modify G are flexible and this
paper only offers a viable method. The modification
of G also brings about a problem, that is, a maximal
A—cut subgraph obtained from current G may not be
a maximal N—cut subgraph for the original G. Howev-
er, this does not affect the correctness of classifica-
tion. Another point should be indicated is that, if the
change to the weight value is monotonously increas-
ing like in this paper, the resulted maximal A—cut
subgraph tends to diminish slightly each time and
vice versa.

In practice, a great deal of optimal solutions
exists. Consequently, an approximate algorithm pro-
duces a best solution in all likelihood. Even if the
result is one or two vertices less than the optimal,
it is still very acceptable.

A few parameters for this model must be pre-
determined:

Nes=—tNumber rofermakimal (pN/=outyv subgraphs
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required

T Number of times for computing an ap-
proximate solution

0 Overlapping coefficient indicating how
much the resulting subgraphs overlap

F(x) Transformation function

Algorithm of Model C
1. Repeat the following steps for N times:
1.1 Repeat the following steps for T times:
1.1.1 Choose a vertex u randomly as the
source, T“—9 ,U<{u}, Diff«<—0.
1.1.2 For every expandable vertex v, let
(uw,v) be the lowest cost edge such that uwe U.
1.1.3 SF is the sum of F(C(uw)) for every v.
1.1.4 F (C (u,v))/SF is the probability for
choosing v as the next vertex for extension.
1.1.5 Let v be the chosen vertex,(u,v)be the
lowest—cost edge such that ue U.
1.1.6 T-TU{(uv)},U«=UU{v}, Diff«=Diff+
C(u,v).
1.1.7 If dan expandable vertex v, return to
step 1.1.2.
1.1.8 If U has more vertices than the cur-
rent optimal solution X, update X with U.
1.2 X is a maximal \-cut subgraphs to be
output.
1.3 For every edge (u,v) such that ue X or v
e X, C(u,)<—C(u,v)+0.
(Note: A vertex v is expandable if v e V-U,
3 (wv) such that ue U,Diff+C(u,v)<\.)
Discussion
Model B and C are both with polynomial al-
gorithms.  But model A is non—polynomial. When
the number of resulting subgraphs is too large, it
will be quit time—-consuming and actually we are
not able to analyze all of them in later research.
So the remedy to model A is to cut off some
nodes violently according to a specific rule in step
2.3 The significance of model A is to show a fea-
sible means to find out all maximal N\ -cut sub-
graphs.
Whether one model is superior to the other
depends on practical circumstances. No assertion
should be made before meticulous observation of

data and several trials.

4 Applications of models

Sample data classification is a commonly used
tool in medical research. In this Section, we pro-
posed two application areas with the first explained
more detailedly to reveal some essence of the dif-
ficulties confronted by researchers.

4.1 Research into the relationship between nu-
trition and disease

Literature ™ reviews research methodology in the
relation between diet and disease. Medical research
in this area can be divided into two categories: com-
plex research that seeks to determine the mechanism
and etiology of disease, and simple research that in-
vestigates directly the factors that cause or prevent
disease.Great progress has been made since the 1970s
in elucidating the relation between diet and disease
such as the relation between selenium and caner,
carotenoids and cancer, vitamin E and coronary heart
disease, sodium and hypertension, alcohol and stroke.
In those instances, we see a dearth of evidence that
complex research has been of significant practical value
and efficiency whereas simple research has received
well under half of the resources but has generated the
large majority of effective valuable information.

Though intervention trials are still the undisput-
ed gold standard among different types of simple re-
search, it is not humanitarian or realistic under many
situations. The one that has proven of most value is
cohort studies and it is gaining its importance in the
recently decades. In cohort studies, after random
sample, we often want to figure out the relation be-
tween a specific factor and disease. Before doing
this, the interference from other factors should be e-
liminated as much as possible. Unlike case—control or
intervention trials, we have no control to the interfer-
ence factors, hence it leads to a compromise that is
to classify the sample to gather individuals with simi-
lar interference together and assume they are the
same. In these cases our models will work. This is
an active method to interference elimination compared
to random sample that we consider passive. Classifi-
cation is not a substitution but a reinforcement of
random sample: the former excludes significantly cor-
related interferences while the latter copes with un-

lenowti'“ones ' 'or' “those” Taciors: that lare  riild “and- "diffi-
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cult to measure.

To illustrate, we take the study of children obe-
sity as an instance. Sothern put forward constructive
suggestions and systematic measures to prevent this

WA series of factors such

epidemic among childrent
as dietary intake, physical activity, obesity of parents,
family environment, nutrient status during pregnancy
and breast—feeding history, influence the weight of
children. Suppose we probe to determine the impact
of dietary intake. To employ our models, all factors
must be quantified into one or several attributes. All
attributes constitute a vector. Then any model from
Section III may be adopted to accomplish classifica-
tion. Because only interferences are to be eliminated,
the attributes related to dietary intake should be ex-
empt from this process.

4.2 Classification in the human genome

DNA microarray technology has enabled the
quantitative measurement of thousands of gene ex-
pression levels simultaneously. Through this tech-
nology, it is possible for molecular biologists to
study the differential gene expression across a set
of related assays. Being a high throughput technol-
ogy, it allows whole genomes to be scanned, gener-
ating thousands of data points per microarray ex-
periment. With the accomplishment of the Human
Genome Project and complete genome sequence
data becoming available at an increasing rate, the
problem of gene classification with different criteria
is becoming pressing.

The living cell is a complex system comprising
multiple cellular pathways that performs different bio-
logical functions. Through genome—wide measurements
of the mRNA expression levels across different ex-
perimental conditions, we can construct a global map
of the functional associations of various genes based
on their differential expression patterns. This process is
called gene clustering that involves classifying genes
into groups each encoding proteins required for a com-
mon function. Some related work: Mayor et al. pre-
sented a systematic study of the clustering of genes
within the human genome based on homology inferred
from both sequence and structural similarity™; TLatent
semantic analysis (LSA) was applied to microarray ex-
pression data for genome—wide functional classifica-
tion of genes by Ng et al/®. If we abstract the map

asOal ydph(with ledges, definad: nsing ssimilarityn met-

rics upon the gene expression data, our models are

also applicable here.

5 Concluding remarks

In this paper, we describe a new method for
classification with applications in nutrition and the
human genome.Unlike traditional methods that usu-
ally divide the overall without overlapping and
missing or what we call it partition in the sense of
algebra, maximal N—cut subgraphs are produced by
model A and C. The latent hypothesis of partition
is that the validity of information from every indi-
vidual is equal. In fact, however, noises are in-
evitable and some individuals may be more repre-
sentative than others. The rationality of non—parti-
tion classification methods is that it can filter some
abnormal ones and give appropriately more weight
for more representative ones.

A very mature and popular classification methodol-
ogy is fuzzy cluster analysis with applications covering
pattern recognition, image processing, rule generation
and other scientific and engineering fields. As an al-
ternative and complement, MST based—classifiers clus-
ter things along a mainstream——the MST. With this
entirely different clustering pattern, it is probable that
they are superior to fuzzy clustering in some situations.

As we can see from Section 3, graph theory
provides us with a flexible platform to create novel
classifiers. This paper only provides a paradigm of
MST based-models. Besides MST, various struc-
tures and algorithms from graph theory may be ap-
plied as a replacement or improvement of current
classification methodologies.

In recently years, a few stirring attempts and
progress has been made for the application of graph
theory in medical which foretold its promising
prospect: Michel Joubert et al. modelled both the in-
formation in patient databases and the queries to these
databases with conceptual graphs and presented a pro-
totype to exploit this model ™;  Allore and Schruben
used event graphs to organize and extend scientific
knowledge about diseases!™. Nevertheless, further effort
should be devoted to explore its potential and make
graph theory a useful tool to assist and accelerate the

progess. of modern . medical _analysis. 9
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